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On the Structure of Optimal Real-Time Encoders and
Decoders in Noisy Communication

Demosthenis Teneketzis, Fellow, IEEE

Abstract—The output of a discrete-time Markov source must
be encoded into a sequence of discrete variables. The encoded se-
quence is transmitted through a noisy channel to a receiver that
must attempt to reproduce reliably the source sequence. Encoding
and decoding must be done in real-time and the distortion mea-
sure does not tolerate delays. The structure of real-time encoding
and decoding strategies that jointly minimize an average distor-
tion measure over a finite horizon is determined. The results are
extended to the real-time broadcast problem and a real-time vari-
ation of the Wyner-Ziv problem.

Index Terms—Markov chains, Markov decision theory,
real-time decoding, real-time encoding.

1. INTRODUCTION

N a point-to-point communication system the outputs of a

discrete-time Markov source are encoded into a sequence of
discrete variables. This sequence is transmitted through a noisy
channel to a receiver (decoder), which must attempt to repro-
duce the outputs of the Markov source. Operation is in real-time.
That is, the encoding of each source symbol at the transmitter
and its decoding at the receiver must be performed without any
delay and the distortion measure does not tolerate delays. Sim-
ilar real-time encoding problems are considered for the broad-
cast system, [33], and a variation of the Wyner—Ziv problem
[34]. The real-time constraint is motivated by controlled infor-
mationally decentralized systems (such as networks) where in-
formation must be exchanged among various sites of the system
in real-time, and decisions, using the communicated informa-
tion, have to be made in real-time.

Problems with the real-time constraint on information trans-
mission are drastically different from the classical information
theory problem for the following reasons. The fundamental re-
sults of information theory are asymptotic in nature. They deal
with the encoding of long sequences that are asymptotically
“typical”. Encoding of long sequences introduces long unde-
sirable delays in communication. The information theoretic re-
sults available on the trade-off between delay and reliability ([1,
Ch. 5]) are asymptotically tight but of limited value for short
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sequences. Furthermore, channel capacity, which is a key con-
cept in information theory, is inappropriate here because it is
an asymptotic concept. As pointed out in [2], channels with the
same capacity may behave quite differently under the real-time
constraint.

Real-time encoding-decoding problems have received sig-
nificant attention. Necessary conditions that an optimal digital
system with a real-time encoder and decoder must satisfy were
presented in [3]. These conditions were applied to pulse code
and delta modulation systems. Real-time communication over
infinite time spans was investigated in [15] where attention was
restricted to myopic encoding rules. The real-time transmis-
sion of a memoryless source over a memoryless channel was
investigated in [30], [71], where it was shown that memoryless
encoders and decoders are optimal.

Causal lossy encoding for memoryless, stationary and binary
symmetric first-order Markov sources was investigated in
[4]-[6], [45], [68] where optimal causal encoders were deter-
mined for memoryless and stationary sources. As pointed out in
[4, p. 702], the notion of causality used in [4]-[6], [45], [68] is
weaker than the real-time requirement considered in this paper.

The existence and structure of optimal real-time encoding
strategies for systems with noiseless (error-free) channels,
different types of sources (e.g., Bernoulli processes, Markov
processes, sequences of bounded uniformly distributed random
variables, etc.) was investigated and discovered in [7]-[15],
[50]-[52]. Error exponents for real-time encoding of discrete
memoryless sources were derived in [53].

The structure of optimal real-time encoding and decoding
strategies for systems with noisy channels, perfect feedback
from the output of the channel to the encoder, and various
performance criteria was investigated in [2], [18], [19]. Appli-
cations of the results developed in [18] appeared in [20], [21].

Bounds on the performance of communication systems with
the real-time or finite delay constraint on information trans-
mission were obtained via different methods (e.g., mathemat-
ical programming, forward flow of information, and other in-
formation theoretic methods including conditional mutual infor-
mation and the determination of nonanticipatory rate distortion
functions) in [22]-[29].

Real-time or finite delay encoding-decoding problems, as
well as the sensitivity of reliable communication with respect to
delays in transmission and decoding, were investigated in [46].
In [46] a new notion of capacity (called “anytime capacity) that
corresponds to a sense of reliable transmission and is different
from the Shannon capacity was defined.

The stochastic stability of causal encoding schemes (in-
cluding adaptive quantization, delta modulation, differential
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pulse code modulation, adaptive differential pulse code modu-
lation) was established in [31], [32].

Properties of real-time decoders for communication systems
with noisy channels and Markov sources were discovered in
[16], [17].

The model and work most relevant to this paper have ap-
peared in [54], where a zero-delay joint source-channel coding
of individual sequences is considered in the presence of a gen-
eral known noisy channel. The model of [54] considers large
time horizons and a performance criterion expressed by the av-
erage-per-unit-time additive distortion between the input and
output sequences. The authors of [54] describe a coding scheme
that asymptotically performs, on all individual sequences, as
well as the best among a finite set of schemes.

In this paper, we discover the structure of optimal real-time
encoders and decoders for communication systems consisting
of Markov sources, noisy channels without any feedback from
the output of the channels to the encoder, and general addi-
tive distortion measures. The results of this paper are different
from those of: [3] where necessary conditions for optimality of
real-time encoders and decoders are stated; [15] where attention
is restricted to myopic policies; and [30] where attention is re-
stricted to memoryless sources. Our problem formulation and
results are also different from those of [4]-[7], [45], [68] as the
real-time requirement in our problem differs from the causality
requirement in [4]-[6], [45], [68] (cf [4]). In our model the en-
coder has imperfect knowledge of the information available to
the receiver(s)/decoder(s). Thus, the situation is different from
that considered in [2], [7]-[15], [50]-[52], [18]—[21], where at
each time instant the encoder has perfect knowledge of the re-
ceiver’s information. Our objectives, hence our results, are dif-
ferent from those of [31], [32], [46], [53]. We are interested in
the structure of optimal real-time encoders and decoders, there-
fore, our approach to and results on real-time communication
problems are different from the bounds derived in [22]-[29] and
the properties of real-time decoders in [16], [17]. Our structural
results on real-time encoding-decoding hold for any finite time
horizon as opposed to [54] where the results on real-time en-
coding-decoding are developed for a large time horizon. Our ap-
proach and that of [54] to real-time encoding-decoding are com-
plementary. Our approach is decision-theoretic and provides in-
sight into the structure of real-time encoders and decoders. The
approach in [54] is based on coding ideas and provides insight
into the construction of real-time coding schemes that work well
for large time horizons. Finally, because of the real-time con-
straint on encoding and decoding, our approach and results on
the broadcast system and the Wyner—Ziv problem are distinctly
different from those of [33], [37]-[44], and [34], respectively.

The main contribution of this paper is the determination of
the structure of optimal real-time encoding and decoding strate-
gies for the following classes of systems. 1) The point-to-point
communication system consisting of a Markov source, a noisy
channel without feedback, a receiver with limited memory, and
a general additive distortion measure. 2) The broadcast system
([33]) with Markov sources and general, additive distortion
measures. 3) A real-time variation of the Wyner—Ziv problem
([34]). Our philosophical approach to determining the structure
of optimal real-time encoders and decoders is similar to that

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 52, NO. 9, SEPTEMBER 2006

th

Xy Z Y,
Encoder

ft Channel

[ Source

X,
Receiver

Gt bt

Fig. 1. The point-to-point communication system.

of [2], [7]. Real-time encoding is conceptually the “difficult”
part of the overall problem. For point-to-point communication
systems we prove that if the source is kth-order Markov, one
may, without loss of optimality, assume that the encoder forms
each output based only on the last k& source symbols and its
knowledge of the probability distribution on the present state of
the receiver’s memory. For k£ = 1 our results generalize those of
[2] and [7] which state that for a first-order Markov source, one
may, without loss of optimality, restrict attention to encoders
that form each output based only on the last source symbol
and the present state of the receiver’s/decoder’s memory. For
k > 1 our results generalize those of [7]. We obtain results on
the structure of optimal real-time encoders similar to the above
for the real-time broadcast system and a real-time variation of
the Wyner—Ziv problem. Our results on the structure of optimal
real-time decoders with limited memory are similar to those of
[2] where decoders with unlimited memory are considered.

The remainder of the paper is organized as follows. In Sec-
tions II, III, IV, and V, we present results on the structure of
optimal real-time encoders and decoders for the point-to-point
communication system, extensions to continuous state sources
and channels and higher order Markov sources, the broadcast
system, and a variation of the Wyner—Ziv problem, respectively.
We conclude in Section VI.

II. THE REAL-TIME POINT-TO-POINT COMMUNICATION
PROBLEM

Our results on the real-time point-to-point communication
system (shown in Fig. 1) are initially developed for the case
where the source is first-order finite-state Markov, and the noise
in the channel is a discrete-valued random process consisting
of mutually independent random variables that are also inde-
pendent of the source sequence. This simple model allows us to
illustrate clearly the key conceptual issues that determine the
structure of real-time encoding and decoding strategies. The
results developed for the aforementioned model are shown to
hold for kth-order finite-state Markov sources, and for contin-
uous state, discrete-time Markov sources, and channels where
the noise is described by a sequence of independent contin-
uous-state random variables that are also independent of the
source sequence.

A. Problem Formulation

1) The Model: We consider a first-order Markov source X
that produces a random sequence X1, Xs,..., Xp. For each
t e {1,2,...,T},X; € D := {1,2,...,D}. The Proba-
bility Mass Function (PMF) of X, denoted by Px,, as well
as the transition probabilities Px, . |x,(%t41]|Tt), ¢, 2441 €
D,t = 1,2,...,T, are given. For notational simplicity we set

’

Py, 1x, (Te41]2e) = Pe(Teg]me).
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At each time t a signal Z; taking values in £ =
{1,2,...,K}, is transmitted to a receiver. The signal Z;
is produced by a real-time encoder, which for every ¢ is charac-
terized by

fe: D' =K, (D
so that, in general

Zt:.ft(X17X27"'7Xt)' (2)

The signal Z; is transmitted to a receiver through a noisy
channel. At time ¢ the channel noise is described by a random
variable V; taking values in Q := {1,2,...,Q}. The random
variables Nj, Na,...,Np are assumed to be mutually in-
dependent, and each N, has a known PMF denoted by
Pn,,t=1,2,...,T. Furthermore, each N;,t =1,2,...,T,1is
independent of X, X5,..., Xr.

The signal Y;, received by the receiver at time ¢, is a noise-
corrupted version of Z;, that is

i/t - ht(ZtyNt) (3)

where h; is a known function that describes the channel at time
t, and for each ¢ Y; takes values in the set £ = {1,2,3,...,L}.
The receiver has limited memory, which is updated as fol-
lows:
1) Att = 1 only Y is available, and a discrete random vari-
able

Wy =11 (Y1), 4

taking valuesin M = {1,2,..., M },is stored in memory.
2) Att = 2,3,...,T, the memory is updated according to
the rule

Wi = 1L(Wi—1,Y2) )

where W, takes values in M, and l;,t = 2,3,...,T, are
given functions.
Att =1,2,...,T, the receiver generates a variable X, eD
by the rule

Xl =g (V1) (6)
Xi=g(Wi1, V), t=2,....,T @)
where
g1 : L — 7D (8)
and
g - Mx L—D. O]
The random variable X, is an approximation of X;.
2) The Performance Criterion: Foreacht = 1,2,...,T,a

function
ptZDXDH[[]?OC)
is given, and

T = E{pi(Xs, X1)} (11)
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measures the average distortion at £. The system’s performance
is measured by

T

T
J = th = ZE{Pt(Xtht)}

t=1

12)

The expectation in (12) is with respect to a probability mea-
sure that is determined by the distribution of the sequence
X1,Xo,..., X7, the choice of the functions f;,l;,gs, the
channel h;, and the statistics of the noise N, t = 1,2,...,T.

3) The Optimization Problem (Problem (P)): It is assumed
that the model of Section II.A1 and the performance criterion of
Section I1.A2 are common knowledge ([48], [69]) to the encoder
and the receiver/decoder.

Under this assumption the optimization problem (Problem
(P)) under consideration is the following:

Problem (P): Consider the model of Section I.A.1. Given
T.D,K,L,M,Q, ht,pe,ly, Py, ,t =1,2,...,T, Px,, P;,t =
1,2,...,7 — 1, choose the functions fi, fo,...,fr and
91, 92,93, - - ., g7 to minimize J, given by (12).

Note that in Problem (P) the memory update rule
I = (li,la,...,lr) is fixed and given. Furthermore, by
assumption, it is of the form (4)—(5). The analysis and results
that follow are derived under the above assumption on /.

We proceed with the analysis of Problem (P) as follows. We
first determine the structure of optimal real-time encoding rules
for any fixed arbitrary decoding rule. Then, we determine the
structure of optimal real-time decoding rules for any fixed arbi-
trary encoding rule.

B. The Structure of Optimal Real-Time Encoders

We show that for first-order Markov sources the solution to
the real-time encoding optimization problem can be obtained
by restricting attention to encoding rules that depend on the
source’s current state and the PMF (according to the encoder’s
perception) of the receiver’s memory. Before we proceed with
the statement of the main result of this section (Theorem 1) we
introduce the following concepts and notation.

Definition 1: A design is called a choice of a system of func-
tions f1, fo,...

Let PM denote the space of PMFs on the set M, and
Py, € PM denote the PMF of the random variable
Wt7t == 172,...7T,

Pw, == (Pw,(1), Pw,(2), ..., Pw,(M)).

The PMF Pyy, gives the encoder’s perception of the decoder’s
state (i.e., the state of the decoder’s memory) at time .

Given a design d, and any realization zy,xs3,...,Z7T
of X1,Xs,..., Xy, the PMF Py, is well-defined for all
t=1,2,...,T.

Definition 2: Consider a design. The encoder f :=
(f1,f2y-.., fr) is said to be separated if for every
t,t =2,3,...,T,

13)

fi : Dx PM K.

Notation: For the rest of the paper we adopt the following
notation. We denote by E?( -) the expectation with respect to
the probability measure determined by the design d. We denote



4020

by P? (respectively, P”) the probability measure determined by
the design d (respectively, the component «y of a design d).

The main result of this section is provided by the following
theorem.

Theorem 1: In Problem (P) (Section II-A3) there is no loss
of optimality if one restricts attention to designs consisting of
separated encoding policies.

We present two approaches to proving Theorem 1. The first
approach follows the philosophy of [7]. The second approach is
based on Markov decision theory and follows the philosophy of
[2].

We begin with the first approach. We first establish the
noisy-transmission analogues of two fundamental lemmata of
[7], namely, the two-stage lemma and the three-stage lemma.
Using the results of these lemmata we prove the assertion of
Theorem 1 by induction and the method of “repackaging” of
random variables.

1) The Two-Stage Lemma: Consider the problem formulated
in Section II-A with T" = 2, and any joint distribution of the
random vector (X7, X5). At the beginning of stage 2 the content
of the receiver’s memory is

Wl = ll(Yl) = ll(hl(ZhN ))

~

= l1(h1(f1(X1), N1)) = l1(X1, N1) (14)
Furthermore
Zy = fo( X1, X2), (15)
Y2 = }LQ(Z27N2) = }LQ(fQ(X17X2>7N2)
= hao(X1, X2, N») (16)
and
Wy = Ip(W1,Y3) = lo(W1, ha(Z2, Na)). (17

Lemma I: Consider a two-stage system with a design d where

fo:D? =K (18)
so that
Zy = f2(Xy, Xo). (19)
Then one can replace f> with fg
fo:DxPM K (20)
so that
Z> = fo(X2, Pw,) 1)

and the resulting new design d is at least as good as the old

design.
Proof: See Appendix 1. O
2) The Three-Stage Lemma: Consider the problem for-
mulated in Section II-A with T" = 3 and any joint distri-

bution of the random vector (X;, X5, X3). For any design
d:= (f1, f2, f3, 11,12, 13, 91, 92, g3) define the resulting cost

T4 =T+ T+ T, (22)
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where J2,i = 1,2, 3, is given by (11). Consider a design d’ :=
(f1, f25 f3, 11,12, 13, 91, 92, g3) where f3 is a separated encoder
(cf. Definition 2), whereas f5 is not. The following result holds.
Lemma 2: Consider a three-stage system with the de-
sign d’. One can replace d' with another design d’' :=
(f1, f2 f3,l1,12,13,91, 92, 93) where f2 is a separated en-
coder, and the new design is at least as good as the old design,
that is
gt <g”. (23)
Proof: See Appendix II. O
3) Proof of the Main Result: We complete the proof of the
main result (Theorem 1) based on the two-stage lemma and
the three-stage lemma. We proceed by induction. The following
lemma establishes the basis of the induction process.
Lemma 3: Consider the problem formulated in Section II-A.
Then for any design

d:=(f1, fos- - fr 11, 1o, - o

where f;,t = 1,2,...7T, is of the general form (2), one can
replace the last encoder f7 by one of the form

lT?Ql?QZ“"?.‘}T) (24)

fr:DxPM K (25)
without any performance loss.
Proof: See Appendix III. O
Lemma 3 establishes the basis of the induction process.
To prove the induction step, consider a design d° =
(ffs- s 0, 0, 9%), and  suppose  that
Jlat: figor ooy fT are separated encoders (cf. Definition
2). We must show that f; can be replaced by an encoder f ’, that
is separated and is such that the performance of the new design
:(f{?"'7ft/717ft/7ft/+17"'7f§“7 Il llThgl """ gT)
at least as good as that of d’. For that matter, the T-stage system
can be viewed as a three-stage system where the encoder at the
third stage is separated and the source is first-order Markov.
This can be done as follows. Define

Xy = (X1,Xa,...,X41), (26)

Xs = Xy, 27

X3 = (X1, Xego, oo, X1), (28)

Ny :=(N1,Na,...,Ni_q), (29)

Ny := N; 30)

N3 := (Nty1, Nigoy .. o, Nr) 31

Yy :=(Y1,Ya,..., Y1) (32)

Yo =Y, (33)

Vs := (Yig1, Yigo,---, Y1), (34)

Wy i= W1 = (X1, Ny), (35

where ¢ is specified in terms of f],fy ..., fl |,
Ll hayhay e Ry,

W = bW, Y2) = [[(Wi1, 12) = We, (36)

Xio= (X0, %, Ki), (37)
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Xy =X, (38)
Xo = go(W1,Ys) = g(Wi—1, Yy), (39)
X3 = (Xop1, Xegos o, X1), (40)
Zl = (Z17Z27"'7Zt—1)7 (41)
Zy = 7y, (42)
Zy = (Zsg1, Zeso, .., Z1), (43)
. t—1
ﬁl(Xth) = ps(XS7Xs)7 (44)
s=1
p2(Xa, Xo) i= pe(Xe, At) (45)
T
p3(Xa, X3) = Y po(Xs, Xo) (46)
s=t+1
The encoder f] at time ¢ has the structure
Zt - ftl(Xl.,XQ ..... Xt) (47)
which translates to
Zy = fa( X1, X2) (48)

The source (X1, Xo,X3) is first-order Markov, because
X1 = ()(1,)(27 PN ;Xt—l) and X3 :_ (Xt+1,Xt+2, .. ;XT)
are conditionally independent given Xs = X, as the original
source is first-order Markov.

For the three-stage system defined above we claim the fol-
lowing.

Claim: Since the encoders at stagest+ 1,t+2,... T —1,T
are separated, they define

Z3 = f3(X3, Py,,) (49)
for some function fg.

Assuming for the moment that the above claim is true, the
three-stage system defined above satisfies the conditions of the
three-stage lemma. Consequently, by Lemma 2, the encoder fa,
can be replaced by one that has the form

Zy = [2(X2, Py,) (50)
and the resulting new design performs at least as well as the
one it replaces. In the original notation, (50) corresponds to an
encoder fff that has the structure

Zy = f‘t/(Xt‘rPIVt—l)?

and is such that the design d’ is at least as good as d’.
To complete the proof of the induction step we must verify
that the claim expressed by (49) is true.
Proof of Claim (49): To prove (49) we note that

Z3 = (Zig1, Zegoy ooy Zr—1, 51) (51)
Furthermore, by assumption
Z, = fi{(Xs, Pw,_,) (52)
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forall s > t. InNaddition, foranyb € M,any X411 =x,2 € D
and any given Py, € P™M we have

P (Ws+1 =b ‘Xs+1 = fﬂyﬁ’ws)
—p (l;+1(YS+17 W) =b ‘XS“ - x,Pm)
=P (l's+1(hs+1(Zs+1-, Ney1), W)
=b ’Xs+1 = lv;fjws)
—p (l;H (hs+1 ( fi (XS“.,PWS) ,Ns+1) 7Ws)

=b ’Xs-i-l = xj’Ws)

= 2

(n,w’)GA(m,INDWS )

-y

(n,w’)GA(z,f’Ws )

-4}

where

P (Nysy =, W, =o' ‘PWS)
P(Nyiy = n)P(Ws = ')

(53)

A (w,PWS) = {(n,w/) € Q x M:
Lot (hs+1 (fs+1 (x,f’ws) n) ,w') - b}. (54)

The fifth equality in (53) holds, because the random variables
Ng41, Wy are independent.
From (53) we conclude that

Py, =Tep1(Xag1, Pw,) (55)
for some function I's41.
Hence, (52) and (55) combined give, for s > ¢
Zs:f:(XS7X5717"-7Xt+1~,PWt) (56)
for some function f;.
Combining (28), (36), (51) and (56) we obtain
Zs = (Zis1,Zsga, .- Zr—1, Zr)
= f3(Xiq1, Xogo, .o, Xoo1, X7, Pw,)
= f3(X37PVV2) (57)

for some function fg.
This completes the proof of claim (49), the proof of the in-
duction step, and the proof of Theorem 1. O

C. Discussion of the Main Result on Real-Time Encoding

Theorem 1 provides a qualitative result on the structure of op-
timal real-time “noisy” encoders for Markov sources. If M, the
number of discrete values W;(t = 1,2, ..., T) cantake, is small
compared to 7', then the result of Theorem 1 provides a substan-
tial simplification of the optimal encoder design problem for the
following reasons. For large 7' the (on-line) implementation of
real-time encoders of the form

Z = ft(Xth, IR

Xt) (58)
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requires a large memory. Moreover, the memory requirements
on the encoder’s site change as the finite horizon 7', over which
Problem (P) is being considered, changes. The result of The-
orem 1 implies that the use of separated encoding strategies does
not entail any loss of optimality for Problem (P), it requires a
finite memory of size M on the encoder’s site, and this memory
size is independent of 7. Furthermore, it will become evident
from the following discussion (cf. (5§9)—(60)) that, as a conse-
quence of Theorem 1, the determination of optimal real-time
encoding strategies can be achieved using the computational
methods available for the solution of Partially Observed Markov
Decision Processes (POMDPs). There is a significant amount of
literature devoted to the computation of optimal strategies for
POMDPs and to approximating the value function of POMDPs
(see [35], [47], [49], [55]-[67], and references therein).

The result of Theorem 1 can be intuitively explained
as follows. When the receiver’s memory update functions
li,l2,...,l7 and decision functions g1, go,...,gr are fixed,
the real-time encoding problem can be viewed as a centralized
stochastic control problem where the encoder controls the PMF
of the receiver’s memory. For this reason ([36]) an optimal
real-time encoding rule can be determined by backward induc-
tion. The optimality equations are, for any = € D, Py € PM,
(see [36, Ch. 6])

VT+1 (LL',f)VVT) =0

A

Vi ($7P‘4’7t—1) = mif} Ez(pt(x7Xt))

zeEK

+ Y Py, ix,(@aln)Vigr (wes1, Py,

ri41ED
(59)

t=1,2,...,T (60)

where IN’W0 := () and this indicates that the receiver’s memory
is empty

Ez(pt(ant)>
= Zf)t($7b)P (Xt = b’SE,PVthl,Z)

beD

= Zpt(x7b)P ((w,n) EMxQ:

beD

gelha(z,m),w) = b | P, 2 ) 61)

and the components of Pf% are given by

P*(W,=c)= P ((wm) € Mx Q:
le(he(z,m),w) = ¢ ‘z,f’wff1 > , ceEM. (62)

A further formal explanation of the optimality equations
(59)-(60) will be provided in Section II.D, where an alternative
proof of Theorem 1 will be presented.

We now compare the key features of our problem with those
of the problems investigated in [7], [8], [2], and [18]. This
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comparison, together with the discussion of the preceding para-
graph, provides additional insight into the nature of Problem
(P). In [7], [8] communication is noiseless, therefore, for fixed
ly,la,...,lp, once fi,fa,... fr are specified the encoder
knows at every instant of time the state of the receiver’s
memory. Thus, when lq,ls, ... Il and g1, g2, - . ., g7 are fixed,
the encoder’s task is to choose f1, fs, ..., fr so as to control
the receiver’s memory and to minimize a cost function of the
form (12). In [2], [18] the channel is noisy, but there is a noise-
less feedback from the output of the channel to the encoder
so that the encoder knows at every instant of time the state
of the receiver’s memory. Hence, for fixed [l1,ls,...,l7 and
g1, 92, - - -, g7 the encoder’s problem in [2], [18] is essentially
the same as its problem in [7], [8]. In our problem the encoder
does not know the state of the receiver’s memory. However,
for fixed memory update functions l1, 15, ..., and fixed de-
cision functions g1, go, ..., g7, given the encoder’s decisions
21,22, ..., 21, the encoder knows the probability distribution
of the receiver’s memory at any ¢, and the probability distri-
bution of the receiver’s decisions at any ¢. Thus, the encoder’s
task is to control, through the choice of Z1,Zs,..., Zr, the
distribution of the receiver’s memory so as to minimize a
performance criterion given by (12).

The observation that the real-time encoding problem can be
viewed as a centralized stochastic control problem where the
encoder controls the PMF of the receiver’s memory leads to
another approach to the problem, which we discuss next.

D. An Alternative Proof of the Main Result on Real-Time
Encoding

Consider any (fixed) memory update rule ! := (I1, (s, ..
and any arbitrary (but fixed) decision rule g := (g1, g2, . - ., g7)
for the decoder. Define the process {R;,t = 1,2,...,T} by

Ry =X
R, =(Xy, Pw,_,),t=2,...,T
where Py, ,t = 1,2,...,T, is defined by (13).

Lemma4: The process {R;,t = 1,2,...,T} is conditionally
Markov given the Z,’s; that is, for any r*, 2*

P(Riy1 |7, 2") = P(Reg1 |74, 2¢) (65)
where
rt = (1,70 JTt), (66)
2t = (21,22, ., 2t) (67)
Proof: For any realization z',z', Py, ,..., Py, , of
Xt 7t Pw,, Pw,, ..., Pw,_,, respectively, where
Xt = (X1, Xo, ..., X2), (68)
we have
P (Xt+1 =y ‘ zt, 2, P‘,Vl , f’wr2, . 7PWt_1 )
=P(Xiy1=ylz) (69)

for any y € D by the first-order Markov property of the source.
Furthermore, for any ¢ > 1 and b € M
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P (W=t ‘xt7zt7p‘,vl7pw,,2, P )
=P (1,(Yy, Wi_1)
=b :nﬂzﬂﬁwnpm,.--szt_l)
= P (ly(he(Zs, Ni), Wi—1)
=b a:t,zt,]swl,...,lf’m,l)
=P ((n,w') € @ x M : li(h(z,n),w")
=b zt715Wt,1)

—p (Wt =b |2, Pw, ) ;

(70)

fort =1andb € M

P(Wl = bl |Zl,£171) = P(ll(hl(Zl,Nl)) = b|21,$1)
= P(ll(hl(Zl,Nl)) = b|21)

The third equality in (70) and the second equality in (71)

hold because, by assumption, N1, N5, ..., Ny is a sequence

of independent random variables that are also indepen-

dent of Xj, Xs,...,Xp; therefore, N, is independent of

Xt 2t Wi, Ws,...,W;_1 and Ny is independent of X1, Z;.
From (70) and (71) we conclude that, for ¢ > 1

Py, = e (20, v, ) (72)

and fort =1
Py, = p1(z1) (73)

where 1, pe,t = 2,3, ..., T, are functions determined by (71)
and (70), respectively. Therefore, because of (69) and (72) we
obtain for ¢ > 1 and any y € D, P}, € PM,
P (Rt+1 = (:v',P{,Vt) | Tt7zt)
= P(Xt+1 = iI?I |.”17t)
X0 (P{/Vi ) Kt (pVVt—l ’ Zt))

=P (Rt—I—I = ($/7P{/Vt) x‘t?PVVi,17Zt)

:P(Rt+1 = (iEI’P‘I/Vi) |rt72t) (74)

where 4( - ) is the Kronecker delta, i.e.

1, ifz=y

6(z,y) = {0, otherwise. (73)
Equation (74) proves the assertion of Lemma 4. O
The conditional Markov property of
{Ry;t = 1,2,...,T} implies that for each ¢ and
each realization 2t 2t Pw,, Pw,, .., Pw,_,, of

Xt7 Zt, P‘,V17PM/27 R f)u/t_1
Ji=FE {pt(Xtht) ’wtvztva'upﬂ/zv s 7pVVt,1 }

:ZP(Xt:b ‘xt"/zt?PVVNpV[/‘zw'wPW’ifl)pt(xhb)
b
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=Y P ((nw) € @ x M gulh(ze,m),w')
b
=b ‘xt Z PW17PW’27~~-7PWQ—1)pt(xtvb)
= ZP ((” w') € Q x M : gi(hy(z,m),w’)
b
=b |z, Pw, , ) pe(xt,b)
= ﬁt(wtapVVi 1 Zt) (76)
for some function p;. Because of (76) we obtain
T
J=F {Z Pt(Xt Xt)}
t=1
T
=F {Z {E {pt(XhXt) |Xt7Zt7PVV17' '7P1’Vt,1}}}
t=1
T
=E {Z b (Xt,Zt,PWH)}
t=1
T
= {Z ﬁt(Rt,Zt)}. (77)
t=1

Consequently, for fixed | := Iy,l5,...,l7 and g =
91,92, .- -, g7, the problem is to control through the choice of
Zy, for all ¢, the transition probabilities from R; to R:;1 so
as to minimize the cost given by (77). From Markov decision
theory (e.g., [36], Chapter 6) it is well known that an optimal
control law, i.e., an optimal encoding rule, is of the form

Zy = fu(By) = fi (X¢, Pw,_,) (78)
for all ¢, and that an optimal encoding rule can be determined
by the solution of the dynamic program described by (59)—(62).

E. The Structure of Optimal Real-Time Decoders

Let Z(D) denote the set of PMFs on D. Consider arbi-
trary (but fixed) encoding and memory updating strategies
f = (fi,fa,-.-, fr) and | := (l1,lo,...,lT), respectively,
where f; and [; are of the general form (1) and (4), (5), re-
spectively. Let Px, denote the PMF of X;,t = 1,2,...,T.
Let &/''(y,w) denote the conditional PMF of X, given the
decoder’s information y, w at time ¢; that is

Py (@) = PP(X, = 2| Yy =y, Wim = w).  (79)
The superscripts on both sides of (79) indicate that this condi-
tional PMF explicitly depends on f and [. To proceed further,
we need the following.

Definition: For any ¢ € E(D) and ¢t > 1 define

7i(€) = argmin Y pi(w, a)é (). (80)

a€D z€D

With the above notation and definition we present the result
that describes the structure of optimal real-time decoders.
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Theorem 2: Let f, [, be any (fixed) encoding and memory up-
dating strategies, respectively. The optimal real-time decoding
rule for f,[ is given by

gi(n) = (')
Gi (Ve Wir) = 7o (61 (06 Ween)) st = 20T (82)

(81)

Proof: We make the following observation. For any fixed
f, 1, minimizing 7 (given by (12)) is equivalent to minimizing
J: (given by (11)) for each t. The assertion of Theorem 2 fol-
lows from the above observation and the definition of 7 (cf.
(80)). ]
The conditional PMF’s &(y1) and &' (ys,wi_1),t =
2,3,...,T, can be computed using Bayes’ rule, the functional
form of f and [, the dynamics of the Markov source, the statis-
tics of the channel noise, and the fact that N1, No, ..., Nr are
mutually independent, and independent of X, Xo,..., Xr.
Their computation is presented in Appendix I'V.

III. EXTENSIONS

As pointed out in Section II, the results of Sections II-B—II-E
were developed for a simple model so as to clearly illustrate the
key conceptual issues that determine the structure of optimal
real-time encoding and decoding strategies. In this section we
discuss extensions of these results to more general models.

A. Continuous-State First-Order Markov Sources,
Continuous-State Channel Noise

The results of Sections II-B-II-E hold for the following sys-
tems. The source is described by a continuous-state first-order
Markov source {X;,t = 1,2,...,T}, X; € R” for all ¢, with
given statistical description. The noise in the channel is de-
scribed by a random process {N;,t = 1,2,..., T}, Ny € R™,
for all ¢, where the random variables Ny, Ns, ..., Ny are mu-
tually independent, each NV, has a known cumulative distribu-
tion function, and each N, is independent of X, Xo,..., Xr.
The real-time encoder’s output Z;,t = 1,2, ..., T, takes values
in the set /C defined in Section II-A1, the channel output Y; €

RP t = 1,2,...,T, and the decoder has limited memory as
in the model of Section II-A1l. The decoder’s decisions Xt €
R” t=1,2,...,T, and for each ¢ the distortion measure p; is
defined as

pr RN X R — [0, 00). (83)
For any design d (cf. Definition 1) the system’s performance is
measured by a criterion of the form (12).

For the above model, the results of Theorems 1 and 2 can be
proved by the same technical approach as in Sections II-B-II-D
and II-E, respectively.

B. Kth-Order Markov Sources

Consider the model of Section II-A1 with only one modifica-
tion. The source X is a discrete-time, discrete-state, kth-order
Markov source (k > 1); thatis, for ¢t > k

P(Xt+1 =T | Xi=x4, Xy 1 = 1,...

Xt—kt1 = Tt—ky1,---, X0 = To)
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= P(Xt+1 = 3?|Xt = x4, Xy—1 = Ty—1, - - -

Xt k1 = Tt_ky1) (84)

for any zg,z1,...,x¢,x € D (where the set D is defined in
Section II-A1). We briefly describe the structure of optimal real-
time encoders and decoders for this situation.

The structure of optimal real-time decoders is the same
as that of the model of Section ILE, and is described by
Theorem 2. The computation of the conditional PMF’s
eIl (y1), €0 (g, we1),t = 2,3, ..., T, defined in Section ILE
and appearing in the statement of Theorem 2, can be performed
in the same way as in Appendix IV using (84).

A result similar to that of Theorem 1 is also true. To state this
result precisely, we first need the following definition.

Definition 4: The encoder f := (f1, fo, ..., fr), T > k,is
said to be k-separated if
fi: D' =K, t=1,2,....k (85)

and

fo: DExPM K, t=k+1,...,T. (86)

Consider Problem (P) (cf. Section II-A3) for the model of this
section. The following result holds.

Theorem 3: In Problem (P) there is no loss of optimality
if one restricts attention to designs consisting of k-separated
encoding policies.

Proof: For T < k the assertion of Theorem 3 is trivial. For
T > kand any t,T > t > k the assertion of Theorem 3 can be
established as follows.

Define the process
Xt == (Xt7Xt+1...../Xt+k_1)7t: 1,27,T—]€+1

(87)
Define

7y = (Z1, %o, ..., Zt) (88)
Zy = Zppn1, t=2,3,...T—k+1, (89)
Ny = (Ny,Na,..., Np), (90)
Ny =Nippo1, t=23,....T—k+1, 1)
Y = (Y1,Ya,...,Y3), (92)
Y, =Yigno1, t=23,...,T—k+1, (93)
Wy =Wippor, t=1,2,....T—k+1, (94)
X1 = (X1, Xo,.. ., Xa), (95)
Xi= Kpner, t=23,....T—k+1. (%)

The functions relating the above variables are as follows. The
encoder is characterized by

Z1 = f1(X1) (97)
Z :ft(Xl,XQ,...,Xt)
= frrr-1(X1, .-, Xegro1)
t=2,3,....,T—k+1. (98)

The function f; summarizes the effect of the first k& encoders
f1, f2,- .-, fr; the functions f; can be uniquely defined by the
arguments presented in [7] (Section V). The receiver’s memory
update functions are

Wy =0,(Y7) (99)
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W, = (W1, V),
t=23,....,T—k+1. (100)

The function {; summarizes the recursive build-up of Wj, from

Y1,Ys, ... Y through the use of [1,15, ..., lx. The receiver’s

’

decisions are described by

X1 =q() (101)

X = 5:(Ye, Wi1)
t=23,....,T—k+1. (102)
The function g; summarizes the actions X 1, X 2y ,X 1 of the

first k decoders through g1, g2, ... gr and l1, 1, ..., . The dis-
tortion functions p;, ¢t = 1,2,...,T — k + 1, are described by

X k A
p(X1, X1) =) pa(Xs, Xo) (103)
s=1
and
pe(Xe, X0) = prak—1(Xegne1, Xeqn_1)
t=2,3,...,T—k+1. (104)

With the above definitions we have a first-order Markov
process {Xt,t = 1,2,...,T — k + 1}, a model that is the
same as that of Section II-A1, and an optimization Problem ()
similar to that of Sections II-A2 and Sections II-A3. For this
system Theorem 1 applies to show that in Problem (P) there
is no loss of optimality if one restricts attention to separated
encoders f = (f. for-.-, fT7k+1), that is, encoders of the
form R

Zy = f1(X1) (105)
Zi =, (Xt,PWt_l)
t=23,....,T—k+1. (106)

Reverting to the original notation, (106) corresponds to

(107)
for some function ft+k_1,t =1,2,...,T — k+ 1, or equiva-
lently

Zt = ft (XhXt—h-~-7Xt—k+17PVVi_1) (108)

fort =k+1,k+2,...,T, and this establishes the assertion of
Theorem 3. O

IV. THE REAL-TIME BROADCAST PROBLEM

For the broadcast system, we show that the structure of
optimal real-time encoders and decoders is similar to the one
discovered in Section II for the point-to-point communication
system.

A. The Model

Consider the system of Fig. 2. Each source 7,2 = 1,2, ..., n,
is described by a finite-state discrete-time Markov Chain
{Xit = 1,2,...,T} where X; € D' := {1,2,...D%}
for all ¢. The initial PMF on X and the transition functions
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Pi, .
t4+1 | X} .
t. The Markov Chains {X},t = 1,2,...,T} are assumed to
be mutually independent. The message of source ¢ must be
communicated in real-time to receiver :.

The output of all sources is encoded by a single encoder. At
time ¢ a signal Z;, taking values in K := {1,2,... K}, is trans-
mitted to all receivers. The signal produced by the real-time en-
coder is characterized by

,t = 1,2,...,T — 1 are given for all 7 and for all

fo: [0 =K (109)
i=1
so that in general
Zt:ft(Xl’t7X2’t7"'7Xn’t) (110)
where for all s = 1,2,...,n,
Xht= (X1, X5, ... X]). (111)

The signal Z; is transmitted through n noisy channels to
the n receivers. At time ¢ the noise in channel ¢ is de-
scribed by N; taking values in Q' := {1,2,...Q'}.
Let N, := (N}, N2 ...,N/"). The random variables
Ni,Ny,...,Nr are assumed to be mutually independent,
and independent of X}, X3, ... ,X},i =1,2,...,n, and each
N, has a known PMF. For each ¢, N} and N/,i # j may be
correlated. The signal Y;?, received by the ith receiver at time ¢
is a noise-corrupted version of Z;, that is
Vi =hi(Z,N;), i=12,....n (112)
where A is a known function that describes channel 7 at time t,
and for each ¢, Y} takes values in the set £ := {1,2,..., L}.
Receiver 7,2 = 1,2, ..., n, has limited memory. Its memory
update is performed as follows.
i) At time ¢ = 1,Y] is available and a discrete random
variable
(113)

wi=10 (YY), i=12,...,n

taking values in M? := {1,2,...,M'} is stored in

memory. The functions /i,i = 1,2, ...,n, are given.
ii) At time ¢t = 2,3,...,T, the memory of receiver « =
1,2,...,n, is updated according to the rule
Wi =13 (Wi, YY) (114)
where W} takes valuesin M®and I},i = 1,2,...,n,t =
2,3,...T are given. N ‘
Att =1,2,...,T, receiver ¢ generates a variable X; € D*
by the rule
Xi=g (Y)) (115)
Xi =g, (Y, Wi_y)
t=2,...,T (116)
where
gi L1 = Dt (117)
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Source 1

Source 2

Source n

Fig. 2. Broadcast system.

gl LM x M' = DL (118)

Foreacht =1,2,...,T andz = 1, 2,...,n the functions

pi: D' x D' = [0,00) (119)

are given, and

7= { (xi.X])} (120)
measures the average distortion at receiver ¢ at time ¢. The
system’s performanceis measured by

T=y

t=1 i=1

(121)

that is, it is the sum of the distortions of each broadcast trans-
mitter/receiver pair.

The expectation in (121) is with respect to a probability
measure that is determined by the distribution of the sequences
Xi X3, ..., XJ, the choice of the functions fi,li,gi, the
channels h,i = 1,2,...,n,t = 1,2,...,T, and the statistics
of the noise N1, No, ..., Np.

The following is assumed.

Al) The statistical description of all the Markov sources

{Xit = 1,2,...,7T},i = 1,2,...,n, is common
knowledge ([48], [69]) to the encoder and all the re-
ceivers/decoders.
For every i,i = 1,2, ...,n, the functions [}, hi, pi, t =
1,2,...7T, and the statistics of the random process
{Nj,Ns, ..., NL} are common knowledge to the en-
coder and receiver %.

Under the above assumptions the optimization problem,
Problem (P’), under consideration is the following.

Problem (P’): Consider the above-described model. Given
T7Di7’C7£i7Mi7Qi7 h‘i7p%7lé7 PNi7t = 1727"'7T7Ii =

A2)
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N}

Receiver 1

Receiver 2

Receiver n

1,2,...,n,Pf\.i, Pi'fﬂlXi’t =12,....,.T-1,:=1,2,...n,
choose the functions fi, fo,..., fr and gi, g5, ...
1,2,...,n, to minimize J, given by (121).

Because of the real-time constraint on encoding and de-
coding, the objectives in Problem (P’) and the technical
approach taken for the solution of Problem (P’) are different
from those of all previous studies of the broadcast system (see
[37]-[44], and the references in [44]).

I —
7gT7L -

B. The Structure of Optimal Real-Time Encoders and
Decoders

The real-time encoding problem can be viewed as a central-
ized stochastic control problem where the encoder has to simul-
taneously control the PMFs of the receivers’ memories so as to
minimize the performance criterion given by (121) (cf. discus-
sion of Section II-C).

Consider any fixed memory update rules
o= (I4,0,...,0%),i = 1,2,...,n, and any arbitrary
but fixed decision rules ¢* := (g%, 95,...,9%),i = 1,2,...,n
for the decoders. Define foreach ¢t = 1,2,...,T

Xy = (X} X2, XD (122)

Consider the process {S;,t = 1,2,...,T} defined by
S, =X, (123)
S, = (Xt7PW;_1,PW3_1, . 7PWL) (124)

where PWZ,l ,t=1,2,...,n, are defined by (13).
Lemma 5: The process {S;,t = 1,2,..., T} is conditionally

Markov given the Z;’s; that is, for any s°t, z°!
P(St+1|80t720t) = P(St+1|8t72’t) (125)
where, for any ¢
s°" = (s51,82,...,8¢) (126)
2% = (21,29, ., 2t). (127)
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Proof: Define for any ¢

t
X = (Xl,Xg,...,Xt).
For any realization a:°t7z°t7]5W117...,Ij’th_l, . 7]5‘,,‘/171, e
PVV,gn,l of XOt,ZOt,PVVll,...,Pthil, .,Pw’ln,...,PVVtvil,
respectively, we have
t t D D
P(Xt+1 =Y ‘ﬂ?o 27 Py, Py
Py, Py )
= P(Xp41 = y| 1) (128)

forany y € [, D¢, by the first-order Markov property of the
source. Furthermore, fort > 1 and m; € M*,i =1,2,...,n,

P(Wl=mq,...... . W =my | 22"
Pwr By
=P (I (b (20, N/) . Wly) = ma, ..
LI (h? (tht")7Wt"_1)
2 ng_lvﬁwf_lw = JE’W;_I)
=P((¢",¢"...,q" w" W’ ... w")

e[[o x[[Mm
i—1 i—1
1 (B (2 q")w') = my

71? (h?(zt,qn)v
Zt-jjmﬂ o P‘VQ 17...,?\47{7—1)

:mn

w") = my,

=P (W =mi, W =mao,..., W =m,
Zt;PIVt‘_lap‘/’Vf_lw-~>]3W't”_1); (129)
fort = 1andm; € M i=1,2,.
P(Wllzml, ....... W1 —mn|x1,z1)
=P (l% (hl (zl,Nl)) =my,
B (B (21, NT)) = i | 21)
=P (W} =m,..., ). (130)

The first equality in (129) and the first equality in (130) hold be-
cause of (112)—(114) and the assumption that Ny, No, ..., Np
is a sequence of independent random variables that are also in-
dependent of X1, X5, ..., Xr; therefore, for each ¢, V; is inde-

pendent of X°*, Z°t Wl ... WL, .. WP WL
From (129) and (130) we conclude that for ¢ > 1
PVI 1‘/‘2 v‘n—/l/t 7t7Pv11 17PW371 ..... PVV;LI)
(131)
and fort = 1
Pw/’llwf...wy = pi(z1) (132)

where the joint PMF Pyiyy2 yy» (defined by the analogue of
(13) for the random vector WlW WMt =1,2,...,T,
denotes the encoder’s perception of the memory of receivers
1,2,...,n, at t given z, and pwt‘_lvaf_lw-pr;L ,» and
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oyt = 2,3,...,T, are functions defined by (130) and
(129), respectively, Furthermore, from (131)—(132) we con-
clude that for ¢ > 1

(Pth Pz, Pan)
:ﬁt (Zt’[jw/tl,l’ﬁw/f,l""713‘ ivil) (133)
and fort = 1

(P Py Py ) = (1) (134)

where [i1, fit,t > 1, are functions determined by (129)-(132).
Consequently, because of (128) and (133) we obtain for ¢t > 1
andany y € [[, D" and Pyyi € PM i=1,2,....n

P (St+l = (y,Pth,...,PWT) ‘ s(’t,z“)
= P(Xip1 = y|w¢)
) ((PW},...,PWZI) ,
fit (zt7 P“"'J_l ey PM’WZL ) ))
=P (St+1 - (y,PWt1,...Pth)
o)
- P (St+1 - (y,Pml,...,Pm) |st,zt) (135)

.’L‘t,Zt,PWr}il P

where ¢(-) is the Kronecker delta defined in (75). Equation
(135) proves the assertion of Lemma 5. O
The result of Lemma 5 implies that for each ¢ and each real-

ization z°¢, 2t val val PVV; o PV[ SRR PI/V";I,
of XOt,ZO Pﬂ,] 7Pﬂ,2 yee - 7Pﬂ,rt1_1. .. .7PWn7 .7PWH , Ie-
spectively
E Zpt(X;7XL)‘ 2% Py 7P\4t11
=1
.,PWln,...,Pth]}
n
=Yy r (X; =0 |, 2 Py, P
=1 b1€'D’
'713VV”7"'7PVV” )p;l (xwl‘/bl)
LSS P (e 0 eat
L 1 b1€D1
cgi(hi(ze,q"),m") =" |2, 2", Py, Py,
. PWR.... an )p; (wi/bz)

=3 5 P ()

=1 pieD:
: gt (W2, q),m?) = b

n
i (i P
= E Pt (xt,Pw,rLl,zt)
i=1

EQZXMZ

Zot IE’WLI) pi (a:,f bi)

(136)
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for some functions ﬁi,i = 1,2,...n, and p;. Consequently,
because of (136)

n

s {33 (x.0)|
=F

T
t=1 i=1
T

{;E { > pi (X;’,X;’) ‘X“,Z“,

1=

3

PWHI?PVVQI?"'?PW}17'"7P"1/1”7"'7P"Vt7ll}}

T

= E{Zpt (st,zt)}.

Therefore, for fixed I%,12,...1" and ¢', g%,...g" the problem
is to control, through the choice of Z;, the transition probabili-
ties fromS; to S;41 so as to minimize the cost given by (137).
From Markov decision theory ([36, Ch. 6]) we conclude that an
optimal encoding rule is of the form

Zi= i (Xe Py P oo Pop, ). (39)
forallt = 2,3,...T, and that optimal real-time encoding rules
can be determined by the solution of the dynamic program

1,2 n o p P P
Vt (.17 PR A ’Pth,l’PVVf,l""’Pwytﬂ_1>
n
= mip - 2k (+ X)
i=1
DY

1 n
(zt+1....,zt+1)
eplx..xDn

P (:1:,}+1.,...7$?+1 | 1517...7:1:")

t=1,2,....,T (140)

where Py, :=0,i=1,2,...,n,foreveryi=1,2,...,n

= Z pi(x',b)P (X; =b ‘a:i,PWfiil,z>

beD?
=Y AP (') € M x Q
beDi
gi (W () ) =b | P 2) a4
and for every ¢ = 1,2, ..., n, the components of PZ,; are given
by
Pz (W,‘ = c) =P ((wi,ni) e M x O
(e, 0l = ¢ |2 Py ). ce ML (142)

We can summarize the results of the above analysis as follows.
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Theorem 4: For Problem (P’) there is no loss of optimality if
one restricts attention to real-time encoders of the form

Zy = fi(Xh) = f1 (X{, X7, ... XT) (143)
Zi=f; (X},Xt{...7Xt",PWt1_l,PWf_N...,P1 511)
t=2,3,...T. (144)

Optimal real-time encoding strategies can be determined by the
solution of the dynamic program (139)—(142).

The result of Theorem 4 can be intuitively explained as
follows. Since the real-time encoder has to produce at each
time ¢ one message which it broadcasts to all receivers, it
has to take into account the messages produced at ¢ by all
the sources, (that is, X;), and the information it perceives is
available to each receiver. This information is described by
PVVt171 s P‘Vtz—l sy Pv[/iﬂ_l .

The result of Theorem 4 holds for the case where each
Markov source is continuous-state discrete-time, and the
channel noise is described by a continuous-state random
process N1, Na,...Np, (N := (N}, NZ,...,N)) for all ¢,
where the random variables N;,t = 1,2,...,T, are mutually
independent, each N; has a known cumulative distribution
function and each N; is independent of X7, Xo,..., X1 (cf.
Section III-A). Theorem 4 also holds when the Markov sources
{Xit=1,2,...,T},i = 1,2,...,n, are correlated and the
overall process {X;,t=1,2,...,T} is Markov with a given
statistical description. The aforementioned extensions of The-
orem 4 can be established by the technical approach presented
in this section.

Under Assumptions A1)-A2) (cf. Section IV-A), the real-
time decoding problem for each receiver is similar to that in
the point-to-point communication system. At each time ¢, for
any fixed f = (f1f2 PN fT)ll = (li é, .. lZF)Z =
1,2,...,n, based on y;, and wj_; receiver/decoder ¢ can de-
termine the conditional PMF of X} by a computation similar to
that of Appendix IV.

Let

&5 () (o)
=P (X =2V =y W] =w')
v =1,2,...D". (145)
Let Z(D?) denote the set of PMFs on D¢. For any ¢ € Z(DY)
and t > 1 define

/(&) = argmin Y pi(x,b)¢(x). (146)

beD: zED?

Then, by arguing as in the proof of Theorem 2 for each receiver/
decoder i we obtain the following result.

Theorem 5: Consider any receiver ¢ = 1,2,...,n, and let
f,1',i =1,2,... n, be any (fixed) encoding and memory up-
dating strategies, respectively. The optimal real-time decoding
rule for receiver 4 for f,[ is given by

gi (vi) = (&7 (1)) (147)
g: (Y;ft7 1.:71) =Tt (S?,f,lz (Yti7 tifl)) ’
t=2,3,...,7. (148)
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Fig. 3. Variation of Wyner—Ziv problem.

V. A REAL-TIME VARIATION OF THE WYNER-ZIV PROBLEM

A. The Model

Consider the system of Fig. 3. The source is described by a
Markov chain {X;,t =1,2,...,T} where X; € D, D is de-
fined in Section II-A1, the PMF Py, and the transition functions
Px, x,,t=1,2,...,T — 1 are given.

At each time ¢, a signal Z;, taking values in the set /C, de-
fined in Section II-Al, is transmitted to a receiver. The signal
Z, is produced by a real-time encoder, which is characterized
for every ¢ by

fe: D' =K (149)

so that in general

Zt:ft(X17X27...,Xt). (150)
The signal Z; is transmitted to the receiver through a noisy
channel. At every ¢, simultaneously with Z;, the source output
X, is itself transmitted to the same receiver through a second
noisy channel. Thus, at each ¢ = 1,2,...,T the receiver ob-
tains two signals
Y =hy (2, N}) (151)
and
VP = hi (Xi, NY) (152)
where N} i = 1,2, is the noise in channel s = 1,2, and h!,i =
1, 2, are known functions describing the two channels at ¢. Let
N, == (N}, N}). (153)
The random variables Ny, Ns,..., Ny are assumed to be
mutually independent, and each N; is independent of
X1,Xs,..., Xp. Furthermore, for each ¢, Ny takes values
in @ = {1,2,...,Q"},i = 1,2, and Y} takes values in
L8={1,2,...,L},i=1,2.
The receiver has limited memory the update of which is per-
formed as follows:
Wi =1 (Y. YY)
Wt = lt (K17Y7€27Wt—1)

(154)
(155)

where l;,t =1,2,..
ables Wy, t =1,2,..

., T" are given functions. The random vari-
., T take values in M :={1,2,... , M}.
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Att =1,2,...,T,thereceiver generates an estimate X + €D
of X, by the rule

Xl =41 (Y117Y12)

Xi=g: (Y, Y2 Wiet) 6 =2.3,...,T  (156)
where

g1: LY x L?> =D (157)
and

G LEXLPXM—D, t=23,...,T. (158)

For each ¢ a distortion measure p;( Xy, X +) and the average dis-
tortion E{p,(X;, X;)} are defined in the same way as in Sec-
tion II-A2. The system’s performance is measured by an index
similar to (12), i.e.

T-Y 5= {o(x. %)} as9)
t=1 t=1

The expectation in (159) is with respect to a probability
measure that is determined by the distribution of the se-
quence Xi,Xo,..., X, the choice of the functions f :=
(f1, f2s--- s lr),
the channels h},hZ,t = 1,2,...,T, and the statistics of the
noise {N{, N1,... ,NL N N2, ... NZ}.

It is assumed that the model of Section V.A is common
knowledge ([48], [69]) to the encoder and the receiver/decoder.

Under this assumption the optimization problem, Problem
(P, for the model described above is the following:

Problem (P”) Given 7T,D,K,M,Q! L' i =
1727ptvlt7h%7h’%7PNthfvt = 1727"'T7PX17PX,,+1|X“
t = 1,2,...,T — 1, choose the functions f, fa,..., fr,
g1, 92,-- ., g7, to minimize J given by (159).

The above problem is a real-time variation of the Wyner—Ziv
problem [34], where in addition to the real-time constraint on
encoding and decoding, there is a noisy channel between the en-
coder and the receiver. Furthermore, in Problem (P”) the source
is Markov whereas in [34] the source is described by a sequence
of independent identically distributed random variables.

B. The Structure of Optimal Real-Time Encoders and
Decoders

By arguments similar to those of Sections II-B, II-D, one can
obtain the following results on the structure of optimal real-time
encoders and decoders.

Theorem 6. In Problem (P"’) there is no loss of optimality if
one restricts attention to encoding rules of the form

Zi = fi (Xo, Pw,_,) (160)
for all ¢ > 1. Optimal real-time encoding strategies can be de-
termined by the solution of a dynamic program similar to that
of (59)—(60).

The real-time decoding problem for the receiver is similar to
that in the point-to-point communication system. The following
result can be proved in the same way as Theorem 2.
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Theorem 7: Let f := (f1,f2...,fr) and | :=

strategies, respectively. The optimal real-time decoding rule
for f,[ is given by
* N
91 (Yllvylz) =7 ( { (Y11;Y12)>
g (1737 Wic) = m (60 (0137, Wi))
t=2,...,7 (162)

(161)

where &/ (4, 42, w) denotes the conditional PMF of X, given
the decoder’s information ', y2,w at time t, 2 € D

1

Pyt v? w)(x)
=P (X =2 |V =y V=2 Wini =w) (163)

and 7(€),t = 2,...,T, is defined by (80). The conditional
PMFs &;,t = 2,...,T can be computed by the method pre-
sented in Appendix IV.

The results of Theorems 6 and 7 also hold for models of
Markov sources and channels described in Section III-A.

VI. CONCLUSION

We have discovered the structure of optimal real-time en-
coders and decoders for point-to-point communication systems,
broadcast systems, and a real-time variation of the Wyner—Ziv
problem. Our technical approach was based on two key observa-
tions. 1) The structure of optimal real-time decoders depends on
the distortion measure. 2) For arbitrary but fixed decoding and
memory update strategies, optimal real-time encoding is a cen-
tralized stochastic control problem where the encoder, through
the choice of its strategy, has to optimally control the memory
of the receiver(s). Our results imply that the memory size at the
encoder’s site is independent of 7" (the finite horizon over which
the real-time transmission problem is being considered) and de-
pends only on the size of the memory of the receiver(s). Thus,
the optimal real-time encoding problem is substantially simpli-
fied when the memory size of the receiver is much smaller than
T. Furthermore, optimal real-time encoding strategies can be
determined using the computational methods available for the
solution of partially observed Markov decision problems. As
pointed out in Section II-A3, our results were derived for ar-
bitrary but fixed memory update rule(s). The optimal selection
of memory update rule(s), as well as the determination of jointly
optimal real-time encoding, decoding and memory update rules,
have not been addressed in this paper. A methodology for the
determination of jointly optimal real-time encoding, decoding,
and memory update strategies appears in [70].

The extension of our results to decentralized real-time
encoding-decoding problems that are more general than the
Wyner—Ziv model remains an open challenging problem.

APPENDIX |
PROOF OF LEMMA 1

With a given design d = (f1, f2,!1,12, 91, 92), we have for
any Xy = z1, Xo = o

E¥{pa(Xo, Xo)| X1 = 21, X5 = 29}
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= B { p>(Xs, %) ‘Xl =21, X2 =22, Py o) |
= E* {P2(X2~,g2(W17 h2(Z2, N2)))

‘Xl = 21, X2 = 22, P (01 }
= Ed {ﬁ2(X27W17Z2,N2)

‘Xl :$17X2 :x27pg[/1(331)}
=Y > > P (lewl,Z2222,N2:n2
w1 EM 22€K n2€Q

‘ Xl = JZl,Xz = T2, PX(/ll/’l(xl)) /32(:172,11)1,22,%2)

= Zpd(Z2ZZZ|X1:$17X2=$2)

z2 €K
X Z P(Nz = ’nz)
na€Q
X Z P{izl(ml)(w1)ﬁ2($27w1;227712)] (A1)
w1 EM

for some function po, where P{}V1 (1) is the PMF on the re-
ceiver’s memory according to the encoder’s perception given
z1, (cf. (13))

Py oy (w1) := PY (W1 = wy | Xy = 1) (A2)
and P{fVl (1) depends on f1,[; but not on f5. For every X; =
z1,X2 = T, (Al) quantifies the performance of the design
d := (f1, f2,11,12,91, g2) at stage 2, given the information at
the encoder’s site at stage 2. .

Consider now a new design d = (f1, fa,11,l2, g1, g2) where

fr:DxPM S K (A3)
is chosen as follows. For any given z2 € D and any given
PVV1 € PM

fg (£E27PW'1) = argmin { Z P(N2 = ’rL2)

20 €K na€0

X > Pw,(wy)pa(z2, w1, na, 22)} - (A4
w1 EM

Since for some (x2, P, ) there may be more than one 2z, € K

that achieve

min
20€K

> P(N; =n)

n2€Q

X [ Z PW1(wl)ﬁz(m,wl,nz,@)l]
w1 EM

the encoder fg can be constructed by using (A3) and the method
proposed in the Appendix of [7]. This method can be briefly
described as follows: Consider the set A; of information states
(2, Pw, ) for which zo = 1 is among the minimizing decisions.
For all (zo, Pyy,) € Ay, set fo(x, Py,) = 1. Next consider
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the set A, of all states for which zo = 2 is among the mini-
mizing decisions. Let By = Ay — A and for all (z2, Pyy,) €
By set fz(ﬂ?g,Pw’l) = 2. Proceed in this way to create the
setsBy = Ay,....B, = A, —UZ]Ajn = 2,... K, such

that if (z2, Pw,) € B, fa(z2, Py,) = n. Then, under the de-
sign d we have for all 1

d d
PI’Vl (avl) = P‘/Vl (1}1) (AS)

and
B { p(Xz, K2) | X2 =02, Pl }
= B pa(X2, %) | X0 = 01, X2 = 22, Pl }
< E¢ {m(x%f(z) ’Xl — 2y, Xy = xQ,P&,l(ml)}
:Ed{pg(x2,)22) | X, :a:l,XQng}. (A6)

Inequality (A6) shows that for a suitable change in f5, 75 (given
by (11)) can only decrease, that is

E(pa(X2, X3)) < E(p2(Xa2, X2)). (AT)
Furthermore, since only f is changed
E(p1(X1,X1)) = E4(p1 (X1, X1)). (A8)

From (A7) and (A8) we conclude that the design d is at least as
good as the original design d. This completes the proof of the
two-stage lemma.

Remark: The Markov property of the source is not used in
the proof of the two-stage lemma, but is needed in the proof of
the three-stage lemma.

APPENDIX II
PROOF OF LEMMA 2

The cost jl‘i' is unaffected by changes in f5, that is
g =g (B1)

Furthermore, any changes in fo do not affect the receiver’s
memory Wy

Wi =0L(V1) = L(h(f1(X1), N1)) = (X1, Ny)  (B2)
or the PMF Py (), (cf. (13))
Py (o) (w1) := P(W1 = wy | X1 = 1) (B3)

which depends only on f7, (1, and the statistics of the noise Nj.
For any X1 = z1, Xo = x9, the cost incurred at the last two
stages by the design d’ is

Ed'{p2(X2792(W1,hQ(Zg,NQ)))
+ p3(X3, 93(Wa, h3(Z3, N3)))
X |X1 = x17X2 :x2}

DD DD DI

220€EK N2€QN3€EQwrEM w1 EM 23K 23€D
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P (Zy = 23, Ny = nz, N3 = ng, Wa = wa, Wy = wy,
Z3 =23, X3 =w3| X1 =21, X2 = 29)
X [p2(w2, g2 (w1, ha(22,m2)))
+ p3(3, g3(wa, ha(z3,m3)))]
- Z Pd,(ZQ = 2| X1 =21 X5 = 23)

2 €K
X Z P(NQZnQ)X Z P(Ngzng)
Lno€Q n3z€Q

X Z PdI(W2:w2|X1:x17X2:J;2)
Lws €M

X Z Pd,(W1:1U1|X1:£E1)
Lw, EM

X Z PY(Zy = 23| X1 = @1, X2 = @2, X3 = x3)
Lzz €KX

X Z Py(z3|22) X [p2(22, g2(w1, ha(22,n2)))

Lxz €D
+P3($37Q3(w27h3(237n3)))]H]H] . (B4)
Note that, given d’ and any X; = z1,Xo = 3,21 €
D, o € D, one can determine zo = f2(x1,x2) and the PMF’s
P{%,l (017 P%,Q(Ihrz), where for any w; € M
P oy (w1) == PY (W =wy | X1 =21)  (BY)

and for any we € M
PI(/i[//'g(rl,azg)(wz) = Pd’(Wg = W2 | X1 = .1171./X2 = 1’2).

(B6)
Consequently
PY(Z5 = 23| X1 = w1, X» = 12, X3 = 13)
=P (Z3 = 23| X1 = 1, Xo = 20, X3 = 13
Pif 1,0
= P (Z3 = 23| X3 = 3. P}, (1, 00)) (B7)
where the last equality in (B7) follows from the fact that:
Z3 = f3(X3, Pw,). (B3)
Furthermore,

Pd,(Wz =wy | X1 =1, X2 = 22)

= Pd' (W2 = w3 ‘Xl =11, Xy =z,
Zy =12y = fz(xlvm)’Px%l(zl))

=p? (IQ(Wl,hQ(ZQ,NZ)) = wy ‘Xl = 11,
Xo=m2,Z0 =20 = f2(371:372):P€l/1(m1))

= PY (1o W1, ha(es, No) = ws | 2> = 22, P ) )

— pd (W2 = woy ‘ 227PI(%/1(901)) . (B9)
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Therefore, because of (B7) and (B9), (B4) can be written as
B {ps(X2, Xa) + p3(X3, X3) | X1 = 21, Xo = 2}
=B’ {P2(X27X2) + p3(Xs, X3)
’Xl = 21, X2 = 22, P& (0 }
= £ {Pz(X2792(W1,h2(Z2,N2)))

+ p3(X3, g3(Wa, h3(Z3, N3)))
’Xl =1, Xy = $27Pg;,’rl(zl) }

= Z Pd/(Z2222|X1 :."L‘17X2:q;2)

2 €K

X ZP(NQZTLQ)X ZP(Ngzng)
Ln2€Q n3€Q

X Z Pd’ (W2 = W»y 227P‘(§;1(11))
Lwz €M

X | D P ey (wr)
Lwi €M

X Pd/ <Z3223 X3:I37Pdly , )
_zgz€;4 W2 (Z2 ’P‘;ib’l (11))

X Z Py(ws | 22)[p2(22, g2(w1, ha(z2,n2)))
Lzs €D

+p3(w3, g3(wa, h3(237713)))]] ] ] ] H (B10)
d’ : >

where PW2 (o2, P$:1(11>) denotes the PMF on the receiver’s

memory at ¢ = 2 (according to the encoder’s perception) given
Z5 = z9 and P;lvl (1) (cf. (BS), that is, for any wy € M

d’ _ pd _ d’
Bl g, )= P (Ve 2 )
(B11)
Consider now a new design d =

(f1, fos f3, 11,12, 13, g1, g2, g3) Where
fr:DxPM K (B12)

is chosen as follows: For any given zo € D and any given
Py, € pM

29 = fg($27Pw,rl) = argmin{ Z P(Ny = ny)

2z €K na€0

X Z P(N3 = n3)

_naGQ

1

X Z PZ(W2:1U2|ZQ,PW1>

Lw2 €M
X Z f)V[/1 (wl) X Z PQ(.’E?, |£E2)

Lw, EM x3E€D
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X [Z pfs <Zg,=23

2

3, P,

3 "’VZ(ZQaPVVI)>
z3EM

X [p2(22, g2(w1, ha(z2,n2)))

+ P3(ﬂ73;93(w27h3(2’37n3)))]H]H}~ (B13)

As in the case of the two-stage lemma, the encoder fz can be
constructed by using (B13) and the method described in the Ap-
pendix of [7]. .
Because of the choice of d’ we have
Pif oy (1) = P (0 (1) (B14)
for all z; € D and all w; € M, as P{i;l(zl) depends only on

f1,h1,1l; and the statistics of the noise N;. Moreover, for any
Z2

p? (W2 = w2 |Z27Pt(/i;;1(z1))

:Pd’(WZsz

22, Py (B1S)

for all wy € M, because of (B14) and the fact that for given 2o
and Py, , P(Wy = ws | 22, Pw, ) depends only on the channel
ho, the statistics of the noise /N5 and [5. Finally, for any z3 € M,

d’ — &
P <Z3 =Z3 | T3, PWz (zz,P&:(ml)) )
_pi (g _ ¢
—PpP <Z3 = z3 | T3, ZDW/2 (ZQ’PgV/l(zl)) > (B16)

because of (B15) and the fact that the encoding rule f3 is a
separated encoder. As a consequence of (B12)—(B16) we obtain,
for any X1 = z1, X2 = z2,

EY {P2(X27X2) + Ps(X3,X3) ‘ Xy = x9, Pyd;l (1) }
=it {,02(X27X2) + p3(Xs, Xs)

X1 =21,Xo = $27P{Z’1(z1) }

EY {92(X27X2) + p3(X3, X3)

X1 =21, X5 = $27Pg;,’rl(zl) }

IN

= EY {P2(X27X2) + pa(X3, X3)

Xlle,XZ:xz} (B17)

therefore
g+ T < T+ T (BI8)

Furthermore, from (B1) we have
I =g (B19)
so that
TV =T + 7+ T

<Jr+ 8 + g8 =g, (B20)
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Inequality (B20) shows that for a suitable change of f> by a
separated encoder f2 the overall cost can only decrease. This
completes the proof of the three-stage lemma.

Remarks:

1) The Markovian nature of the source is used in the proof
of the three-stage lemma, specifically, in establishing the
second equality in (B4)

2) In (B10) the terms P¢ (We = wy | 22, P W (z )) wy € M
depend only on s, the channel hz( ), and the statis-

tics of the noise No. The PMF Pd Wa(za. P4 ) changes
Wi(z1)

as z9 and/or P{f[,/,l(zl) vary. Also, in (B10) the terms

Pd'(Z3—73|X3_x37P“f[;( - ), 23 € K, de-

pend only on f3, the values of these probablhtles change

d
as x3 and/or P, vary.
’ Wi pl ) Y

APPENDIX III
PROOF OF LEMMA 3

The given T-stage system can be considered as a two-stage
system by setting

X1 = (X1, Xo, Xr_1) (CD)
Xo = X, (C2)
Ny := (N1, Na,...,Np_1) (C3)
N := Nr, (C4)
71 = (21, Za, Zr_1) (CS5)
7o Zr, (C6)
Y1 = (11, Yo, Yr_1) (&7))
Yy :=Yrp, (C8)
Wy o= Wr_1 = ¢(X1, Ny) (C9)
where ¢ is defined in terms of
fisfo, s fr_1i, 0oy ool 1, hy hoy o R g,
X1 = (X1, X9,..., Xr_1), (C10)
XQ, = XT7 (C11)
fo(X1, X2) == fr(X1,Xo,..., X721, Xp), (C12)
lz(Wl Yz) lr(Wr_1,YT), (C13)
Go(W1,Y3) := gr(Wr_1,Y7), (C14)
T-1
p1(X1, X1) = Y e, X), (C15)
=1

,02(X2,)i(2) = T(XT7XT)7 (C16)

T = BYp (X1, X1)}

T-1
= K { pt(Xt,Xt)} (C17)
t=1

Ji = B'ps(Xa, X2)}

=k {pT(XT7XT)} (C18)
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Then, by the two-stage lemma there is an encoder fg that has
the structure

7y = fa(Xa, Py.)

and is such that its use does not increase the cost Jo. In the
original notation, this corresponds to an encoder fr that has the
structure

(C19)

Zr = fr(Xr, Pw,_,) (C20)

and the use of which does not increase the cost Jr. Slnce J =
Zt 1 ' 7, remains unchanged when fr is replaced by fT, the
overall cost J = Zt 1 J¢ does not increase by the use of frs
and this completes the proof of Lemma 3.

APPENDIX IV

The random functions ¢*(V;) and &' (Y, W,_1),t =
2,3,...,T can be computed as follows. For ¢ = 1 and any
y€e LxeD

PH(Y: = y|2)Px, (2)

B () — :
1 (y) () Yowep PPU(Y1 =y |a’)Px, (a')

Since

(D1)

Y: :hl(Zle):hl(fl(Xl)7N1> (D2)

it follows from (D1) and (D2) that, forany y € £,z € D

PP (yi=y|z)=P(ne Q:hi(fi(z,n))=y). (D2)
Then, for any y € L,x € D, f{’l(y)(x) is determined by (D1)
and (D3). Foranyt > landy € L,w € M,z € D

_ P(Y;:vat—lzw|$)PXt(x)
gt(va)(x) - Zz'eD P(}/t _ y,Wt—l —w | xl)IJX,, (.17/)
(D4)

Furthermore, for any ¢, because of (1), (4), and (5), we obtain

Yy = he(Ze, Ny) = he(fo(X1, Xoy ..., Xp), Ny)
= hy(X1, Xa,..., X, Ny) (D5)
for some function iLt, and
Wi =1,(Ye, Wee1) = L(Ye, L1 (Yim1, Wi_2))
= . =0(Yy,Yiq,..., Y1)
=1(X1,X2,...,X¢, N1, No, ..., Ny) (D6)

for some functions it and [;. Using (D5) and (D6) we can write

P, =y, Wi =wlx)

= Z Z Z P(zy,xo,..., 011 |x)
z1ED x2 €D x,_1€D
X P(Y; = y7Wt—1 = w|x17$27"'7$t—17$)
= Z Z Z P(z1,29,...,04-1 | x)
1 €D x2€D z1—1€D
X P(ht(X17X2 Xt7Nt) =Y,
lt l(X17X2 ~~~~~ Xt 17N17N27 Nt—l) =
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| 1,22, .., Tt—1,T)
= Z Z Z P(zy,29,...,2¢ 1] %)
21 ED 2,€D w41 €D
x P((ny,na,...,n:) € Q" :
ilt(l‘l,xg, ey L1, T, M) = Y,
l~t_1($17x2,...,xt_17n17n27...,nt_1) = w)

X P((nl,nz....,nt_l) € Qt_li

le(w1, @2, ... Te—1,n1, M2, 1) = W) (D7)
where the third and fourth equalities in (D7) follow from the
fact that the random variable Ny, No, ..., Ny are mutually in-
dependent and independent of X7, Xo, ..., X7. The probability
P(z1,29,...,2¢ 1| x) can be computed using the PMF Py,
and the transition probabilities Px_, | x., s = 1,2,...,t — 1.
Moreover

P((nl,ng, ... ,nt_l) S Qt_li
ly—1(z1, w2, . 21,01, N2, ..., Ny 1) = W)

= Z P(TL177’LQ7...,TLt)

(n1,m2,.mi—1)EA(T1, T2, .. T 1)
where

. 7xt71) = {(n17n27 I 7nt71> € Qt_l:

L1 (1, @2, o g1, M1, M2, o mgm1) = w} (DY)

Az, 2o, ..

and each of the terms in the sum of the right-hand side of (D8)
can be computed using the mutual independence of the random
variables Ny, Na,..., Nr.

Then for any f,/ and any y € L,w € M,z €
D, ¢ (y,w(z) can be computed using (D4), (D7), (D8)
and (D9).
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